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This paper descr ibes the  d e t a i  1 s o f  implemen- 
t a t i o n  o f  a general numerical procedure developed 
f o r  t he  accurate and economical computat ion o f  
n a t u r a l  f requenc ies  and associated modes o f  any 
e l a s t i c  s t r u c t u r e  r o t a t i n g  along an a r b i t r a r y  
a x i s .  A b lock  vers ion  o f  t he  Lanczos a l g o r i t h m  i s  
de r i ved  f o r  the  s o l u t i o n  t h a t  f u l l y  e x p l o i t s  asso- 
c i a t e d  m a t r i x  s p a r s i t y  and employs on ly  r e a l  num- 
bers i n  a l l  r e levan t  computations. It i s  a lso  
capable o f  de termin ing  m u l t i p l e  r o o t s  and proves 
t o  be most e f f i c i e n t  when compared t o  o ther ,  s im i -  
l a r ,  e x i s t i n g  techniques. 
I n t  roduc t  i on 
t iyroscopic s t r u c t u r a l  systems are  o f t e n  
encountered i n  p rac t i ce .  Thus, some s t r u c t u r e s  
such as s a t e l l i t e s  are u s u a l l y  s p i n - s t a b i l i z e d  
whereas o the rs ,  l i k e  h e l i c o p t e r s  and tu rb ines ,  
have r o t a t i n y  par ts .  An accura te  e v a l u a t i o n  o f  
t h e i r  f requenc ies  and mode shapes i s  o f  utmost 
importance i n  p r e d i c t i n g  t h e i r  s t a b i l i t y  and a l so  
i n  implement iny e f f e c t i v e  c losed- loop c o n t r o l  o f  
t he  yyroscop ic  systems. The usual s o l u t i o n  proc- 
e s s  s t a r t s  w i t h  a f i n i t e -e lemen t  d i s c r e t i z a t i o n  
o t  the s t r u c t u r e  y i e l d i n g  approp r ia te  s t i f f n e s s  
and i n e r t i a  p roper t i es ,  which i n  t u r n  are u t i -  
l i z e d  t o  y i e l d  the  na tu ra l  f requenc ies  and asso- 
c i a t e d  modes. Such da ta  are nex t  u t i l i z e d  t o  
compute unsteady aerodynamic fo rces  enab l ing  com- 
p u t a t i o n  of f l u t t e r  and divergence charac- 
t e r i s t i c s .  An ex tens ion  o f  t h e  ana lys i s  y i e l d s  
t h e  state-space mat r ices  enab l ing  open- and 
c losed- loop c o n t r o l  ana lys i s  o f  the  s t ruc tu re .  
The accuracy o f  such an ana lys i s  i s ,  however, 
e n t i r e l y  dependent on appropr ia te  computation o f  
v i b r a t i o n a l  c h a r a c t e r i s t i c s  o f  t he  system. 
The equat ion  o f  f r e e  v i b r a t i o n  o f  any s t r u c -  
t u r e  d i s c r e t i z e d  by the f i n i t e -e lemen t  method and 
sp inn ing  along an a r b i t r a r y  ax i s  w i t h  a un i fo rm 
s p i n  r a t e  R i s  g iven by 
i n  which 
K = KE + KG t K' 
and 
H i n e r t i a  m a t r i x  
*Aerospace Enyineer. 
**Research Consul tant.  
C skew-symmetric C o r i o l i s  ma t r i x ,  f u n c t i o n  
o f  n 
KE e l a s t i c  s t i f f n e s s  m a t r i x  
KG 
K '  c e n t r i f u g a l  f o r c e  ma t r i x ,  a l so  a func- 
geometr ic s t i f f n e s s  ma t r i x ,  f u n c t i o n  o f  ~2 
t i o n  o f  n 2  
q d e f l e c t i o n  vec to r  
For small  v i b r a t i o n s ,  t h e  K and M mat r i ces  are 
r e a l ,  symmetric, and p o s i t i v e  d e f i n i t e .  The 
s o l u t i o n  o f  Eq. (1) may be achieved by f i r s t  
rea r rang ing  the  same as 
Ay + B i  = 0 
i n  which 
(2a 
where A i s  symmetric and B i s  skew-symmetric. A 
s o l u t i o n  o f  Eq. (2 )  i s  ob ta ined by s u b s t i t u t i n g  
y = ea t  y i e l d i n g  
( A  + wB)y = 0 (3 
i n  which t h e  n a t u r a l  f requencies w are  pure imag- 
i na ry ,  t h e  vec to rs  be ing  complex and bo th  occur-  
r i n g  as complex con jugate  pa i r s .  
The convent iona l  s o l u t i o n  process f o r  Eq. ( 3 )  
i n v o l v e s  i m p l i c i t  i n v e r s i o n  o f  A t o  reduce the  
e igenva lue  problem i n  terms o f  a s i n g l e  m a t r i x  
o f  o rder  t w i c e  t h e  o r i g i n a l  s ize ,  which however 
i s  r a t h e r  i n e f f i c i e n t  due t o  i t s  nonsparse char -  
a c t e r  and increased order. 
A combined Sturm sequence and inve rse  i t e r a -  
t i o n  ( S S / I I )  procedure was presented e a r l i e r 1  f o r  
t h e  eigenproblem s o l u t i o n  o f  gyroscop ic  systems 
t h a t  e x p l o i t s  i nhe ren t  s p a r s i t y  o f  c o n s t i t u e n t  
ma t r i ces  o f  Eq. (2) .  Reference 2 p rov ides  a sur -  
vey o f  s o l u t i o n  methods f o r  f r e e - v i b r a t i o n  analy-  
s i s  o f  s t r u c t u r e s  i nc lud ing  sp inn ing  ones. An 
improved vers ion  o f  the SS/II techn ique has f u r t h e r  
been presented i n  a recent paper3 t h a t  a l so  g i ves  
d e t a i  1 s o f  numerical techniques f o r  computat ion o f  
i n -  and ou t -o f -p lane forces i n  a s h e l l  and a l so  
l i n e  elements sp inn ing  along an a r b i t r a r y  ax is .  
The Lanczos method has been app l ied  e a r l i e r 4 * 5  f o r  
t h e  eigenproblem s o l u t i o n  o f  r e a l  symmetric m a t r i -  
ces. Reference 4 a l so  presents the  r e l a t i v e  m e r i t  
o f  t he  b lock  Lanczos a lgor i thm over  t h e  conven- 
t i o n a l  nonblock procedure. 
nonblock vers ion  o f  the Lanczos a l g o r i t h m  was pre-  
sented t h a t  i s  s u i t a b l e  f o r  the  economical s o l u t i o n  
o f  t he  e i  genprobl em o f  gyroscopic systems. 
I n  a recent  paper,6 a 
The purpose o f  t h i s  paper i s  t o  p rov ide  d e t a i l s  
o f  a r e l a t e d  b lock  Lanczos a lgo r i t hm and i t s  imple- 
menta t ion  i n  a general-purpose f i n i t e - e l e m e n t  
computer program, STARS7 (STruc tura l  Ana lys i s  
Rout ines) .  Numerical r e s u l t s  a r e  a l s o  presented 
t h a t  prove the  e f f i c a c y  o f  t h e  c u r r e n t  s o l u t i o n  
technique. 
Implementat ion o f  a Block Lanczos 
So lu t ion  Procedure 
To implement the  cur ren t  procedure, Eq. ( 3 )  
i s  f i r s t  r e w r i t t e n  as 
( A  - AD)y = 0 ( 4 )  
i n  which 0 = i * B  i s  a pure imaginary Hermi t ian  
m a t r i x ,  i* i s  the  imaginary number a, t h e  r o o t s  
A = i * w  are r e a l  and occur i n  p a i r s  A i ,  - A i ,  ..., 
An, - A n  whereas the  corresponding e igenvec tors  
occur i n  complex conjugate pa i r s .  The r o o t s  o f  
t h e  o r i y i n a l  system def ined by Eq. ( 3 )  may then 
be simply ob ta ined as w = X / i *  w h i l e  n o t i n g  t h a t  
t h e  e igenvec tors  remain t h e  same f o r  bo th  cases. 
To develop t h e  present a lgor i thm,  i t  i s  nec- 
essary t o  y i e l d  a s i n y l e  m a t r i x  out of t h e  se t  
o f  two ma t r i ces  t h a t  de f ine  Eq. (4 ) .  Th is  i s  
achieved by per fo rming  a Choleski  decomposi t ion 
T 
A = LALA ( 5 )  
i n  which 
and LM, LK are the  lower t r i a n g u l a r  forms o f  mat- 
r i c e s  H and K ,  respec t i ve l y .  Approp r ia te  t r a n s -  
forr i idt ion o f  Eq. ( 4 )  may then be e f f e c t e d  by 
u t i l i z i n y  Eq. ( 5 ) ,  y i e l d i n g  
(H - y I ) y  = 0 ( 6 )  
i n  which y 2 l / A ,  w = l / i * y ,  and the  m a t r i x  H i s  
expressed as 
2 
It may be noted t h a t  H i s  a pure  imaginary 
Herm i t i an  m a t r i x  and t h e  c u r r e n t  t rans fo rma t ion  
r e t a i n s  t h e  banded form o f  assoc ia te  mat r ices .  
I n  a l l  subsequent computations, n de f i nes  t h e  
o rde r  o f  H, whereas m i l  denotes t h e  ha l f -bandwid th  
o f  c o n s t i t u e n t  H, K, and C mat r ices .  
As t h e  f i r s t  s tep  toward implementing the  
procedure us ing  a b lock  s i z e  m, a number o f  r e l e -  
van t  ma t r i ces  are de f i ned  as 
G i  = n x m complex m a t r i x  w i t h  
orthonormal columns , t h a t  i s  , 
-T  
G i G j  = I 
E i  = m x m Herm i t i an  m a t r i x  
F i  = m x m upper Hessenberg complex m a t r i x  
W i  , X i  = n x m complex ma t r i ces  
T i  = i m  x i m  b lock  t r i - d i a g o n a l  Hermi t ian  
Furthermore, a u n i t a r y  m a t r i x  Jp o f  o rder  ( p  x p)  
i s  nex t  u t i l i z e d  t o  r e l a t e  complex mat r ices  
o c c u r r i n g  i n  the  Lanczos method t o  correspondiny 
ma t r i ces  t h a t  are r e a l  i n  nature.  Thus denot ing  S 
as a m a t r i x  o f  columns t h a t  are e igenvec tors  o f  H 
o c c u r r i n g  i n  complex con jugate  p a i r s ,  t he  m a t r i x  
-T 5 = SJn i s  a r e a l ,  or thogonal  m a t r i x  o f  o rder  n. 
Such a procedure may then be used t o  recas t  t h e  
b lock  Lanczos a l g o r i t h m  i n  terms o f  r e a l  numbers 
e f f e c t i n g  cons ide rab le  saving i n  s o l u t i o n  t ime. 
It may be noted i n  t h i s  connect ion  t h a t  f o r  an 
even p o s i t i v e  i n t e g e r  p, t h e  m a t r i x  Jp i s  formed 
as p/2 r e p l i c a t i o n s  o f  J2 on the  diagonal ,  which 
i n  t u r n  i s  de f i ned  as 
m a t r i x  w i t h  b locks  o f  s i z e  m x m 
(7) 
Numerical Scheme 
Le t  61 be an a r b i t r a r y ,  rea l  n x m m a t r i x  
w i t h  orthonormal columns. Then f o r  i = 1, 2, ..., 
t h e  computat ional  procedure i s  developed by the  
f o l l o w i n g  steps. 
Step 1. Perform m a t r i x  ope ra t i on  
( f o r  i = 1) 
i n  which t h e  m a t r i x  s u b s t i t u t i o n s  are 
H = i*i i, n x n r e a l  skew- 
symmet r i  c mat r i  x 
A 
6. 1 = 6 .  i J m  G i ,  n x m r e a l  m a t r i x  
w i t h  orthonormal 
columns; t h a t  i s ,  
-T - 
G i  G i  = I 
_ I  1 
F i  = i*JnliiJm F i ,  m x m r e a l  upper 
t r i a n g u l a r  m a t r i x  
Step 2. Compute the  reduced order  m a t r i x  
.. -T - 
E .  = G.W. 1 1 1  
wherca the fol lowiny s u b s t i t u t i o n s  are made 
a 
t ,  = i*JnlEiJm E,, m x m r e a l  skew- 
symmetric m a t r i x  
.. 
W .  1 = i * W . J  i m  M i ,  n x in rea l  m a t r i x  
- S t e p .  Produce the  m a t r i x  
1 1 A -  
X i  = W i  - G i E i  
t he  s u b s t i t u t i o n  being 
A 
X .  = j * X . J  i m  X i ,  n x m r e a l  m a t r i x  
Step 4. Use a standard procedure such as the 
Givens. Householder, o r  G r a y  Schmidt-method t? 
ob ta in  the  "UR" f ac to rs  o f  X i  namely G i + l  and F i  
s a t i s f y i n g  X i  = G i + l F i  and G i + l G i + l  = I .  
. .  -T 1 
Step 5. Form the  b lock  t r i - d i a y o n a l  m a t r i x  
T i  o f  o rder  i m  
a solut  
vec tor5  
niat ir in. 
and ~*i 
on o f  which y i e l d s  the  eigenvalues and 
o f  the  system as the  i t h  stage approx i -  
Furthermore, i t  may be noted t h a t  T i  
have the  same eigenvalues t h a t  are rea l ,  
occur i n  p a i r s ,  and have oppos i te  signs. A lso  
if thr. e igenvec tors  of i*f i  o c c u r r i n g  as complex 
conjugate p a i r s  are denoted by, say, v' and $, the 
corrcsspondiny vec tors  f o r  T i  may then be obtained 
as v = J 3 and z = J 0 ,  which are no t  m u t u a l l y  
conjugate.  The corresponding p a i r  o f  r e a l  r o o t s  
(p ,  - p )  are R i t z  values o f  H. t h e  corresponding 
R i t z  vec tors  being 
- 
- T  -T  - 
where 
Since U i  i s  r e a l ,  a and 6 are mu tua l l y  conjugate 
so t h a t  6 = a. 
Step 6. Perform convergence t e a t s  using vec- 
t o r s  computed i n  s tep  5 and m a t r i x  F i  obtained 
i n  step 4. I f  t h e  ana lys i s  needs t o  be cont inued, 
then  a s e l e c t i v e  o r t h o g o n a l i z a t i o n  of m a t r i x  G i + l  
must be c a r r i e d  ou t  so t h a t  i t s  columns are o r -  
thogona l ized  r e l a t i v e  t o  some o f  t he  cu r ren t  R i t z  
~ e c t 0 t - s . ~  
express ing  a R i t z  vec to r  a i n  terms of t w o  r e a l  
n vec tors  as 
Thus denot ing  g as a column of G i + l  and 
a = e + i*+ 
9 may be o r thogona l i zed  w i t h  respec t  t o  8 and + and 
a new r e a l  vec to r  0 may be ob ta ined as fo l l ows :  
and 
from which the  or thogona l ized  g i s  s imply ob ta ined 
as g = 05. 
A l l  computations i n  t h e  above procedure are 
performed i n  r e a l  a r i t h m e t i c  t h a t  has been imp le-  
mented i n  t h e  STARS7 program and proves t o  be most 
e f f i c i e n t  i n  t h e  s o l u t i o n  o f  v i b r a t i o n  problems o f  
complex, gyroscopic systems. 
Numerical Examples 
The newly implemented b lock  Lanczos procedure 
employiny r e a l  numbers (BL/R) i s  used t o  so lve  an 
ex tens i ve  number o f  t e s t  cases. Such r e s u l t s  
a re  compared w i t h  s o l u t i o n s  ob ta ined from o the r  
e x i s t i n y  s i m i l a r  techniques such as the  b lock  
Lanczos techn ique us ing  complex a r i t h m e t i c  (BL/C) 
and t h e  SS/II methods. Because a l l  such proce- 
dures have been implemented i n  t h e  STARS proyram, 
i t  was used t o  per fo rm analyses o f  a number o f  
t e s t  cases presented here, employing a D i g i t a l  
Equipment Corp. VAX 11-750 computer. 
Sp inn ing  C a n t i l e v e r  Beam 
t i z e d  by 12 l i n e  elements f o r  t h e  n a t u r a l  f r e -  
quency ana lys is ,  has t h e  f o l l o w i n g  r e l e v a n t  
p r o p e r t i e s  
A sp inn ing  c a n t i l e v e r  beam (Fig.  l), d i s c r e -  
Element l e n g t h  ( a )  5.0 
Moment o f  i n e r t i a  (Iyy) 1/12 
Moment o f  i n e r t i a  ( I z z )  1/24 
Cross-sec t iona l  l e n g t h  (A) 1 .o 
Young's modulus (E) 30 x 106 
Element mass/uni t  l e n g t h  1/5 
Uniform sp in  r a t e  (ny)  0.33 Hz 
= c21, ..., ti] 
3 
and r e s u l t s  o f  such analyses employing va r ious  
procedures are g iven i n  Table 1. 
Spinning Cant i  l e v e r  Plate 
F igu re  2 dep ic t s  a rec tangu la r  c a n t i l e v e r  
p l a t e  sp inn ing  along an a r b i t r a r y  ax i s  w i t h  a 
un i fo rm sp in  r a t e  n ~ .  A 10 x 15 f i n i t e - e l e m e n t  
mesh employing th in -she l l  elements i s  used t o  
model t he  p l a t e  t h a t  has t h e  f o l l o w i n g  s t r u c t u r a l  
c h a r a c t e r i s t i c s  
X-side l eng th  ( t x )  10 
Y-side l e n g t h  ( t y )  15 
Thickness ( t )  0.1 
Young's modulus ( E )  10 x 106 
Mass dens i t y  ( p )  
Poisson's r a t i o  (u) 0.3 
Number o f  degrees o f  freedom 1056 
The p l a t e  was f i r s t  analyzed f o r  a sp in  r a t e  
nz = 0 . 7 ~ 1  and subsequently f o r  a r e s u l t i n g  sp in  
vec to r  n~ = 0 . 7 ~ 1  having components Q X  = ny = nz = 
0.7 q/6. 
s o l u t i o n  techniques are g iven  i n  Table 2. 
0.259 x 10-3 
Resu l ts  of  such analyses by t h e  th ree  
A comparison of r e s u l t s  presented i n  t h e  two 
t a b l e s  amply demonstrates the  s i g n i f i c a n t  advan- 
tages o f  the  present procedure. 
Concluding Remarks 
A b lock ve rs ion  of  t h e  Lanczos a l g o r i t h m  has 
been presented t h a t  exp lo i t s  m a t r i x  s p a r s i t y  and 
f u r t h e r  performs a1 1 numerical computations i n  
r e a l  numbers f o r  t he  eigenproblem s o l u t i o n  o f  gyro- 
scopic systems. While each s o l u t i o n  s tep  i n  the  
b lock  a lgo r i t hm i s  c o s t l i e r  than the  convent iona l  
nonbl ock Lanczos method,6 fewer steps are needed. 
The o v e r a l l  saviny i n  s o l u t i o n  t ime i s  comparable 
t o  t h a t  e f f e c t e d  by block m u l t i v e c t o r  i nve rse  
i t e r a t i o n  i n  p lace  o f  the  s ing le -vec to r  i t e r a t i o n  
process. 
of  e f f e c t i v e  de te rm ina t ion  o f  m u l t i p l e  roo ts  i n  
which t h e  usual  nonblock procedure i s  d e f i ~ i e n t . ~  
Also, a l though some exper ience may be necessary 
i n  choosing an optimum b lock  s ize ,  a range between 
2 and 4 has been found t o  be e f f e c t i v e .  From 
t h e  r e s u l t s  presented i n  t h e  two tab les ,  i t  i s  
apparent t h a t  t h e  c u r r e n t  procedure i s  consid- 
e r a b l y  more e f f i c i e n t  than o the r  s i m i l a r  e x i s t i n g  
s o l u t i o n  techniques. 
Furthermore, t h i s  procedure i s  capable 
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Table 1 Results o f  f r e e - v i b r a t i o n  
ana lys i s  of c a n t i l e v e r  beam sp inn ing  
a t  r a t e  o f  0.33 Hz (2.073 rad/sec) 
E i  genval ue 
BL/R BL/C SS/II 
Mode 
1 3.345 3.345 3.350 
2 3.602 3.604 3.603 
3 16.403 16.404 16.404 
4 22.491 22.490 22.491 
5 44.4116 44.487 44.487 
6 62.258 62.259 62.258 
CPU t ime, 20 75 73 
sec 
BLIR = b lock  Lanczos procedure us ing  
BL/C = b lock  Lanczos procedure us ing  
SS/II = combined Sturm sequence and 
Cent ra l  processing u n i t  t ime  i s  f o r  
r e a l  numbers 
complex numbers 
i n v e r s e  i t e r a t i o n  procedure 
10 modes and frequencies 
Table 2 Natura l  f requencies o f  a sp inn ing  c a n t i l e v e r  p l a t e  
Natural  f requency ( rad /sec)  
nR = Slz = 0.70~1 = n~ = 0.70~1 
nx = ny = n2 = 86.32 rad l sec  Mode 149.50 rad/sec 
BL/R 
1 526.69 
3 1375.15 
4 1734.95 
5 1791.21 
6 2613.78 
2 780.31 
BL/C 
526.71 
1375.10 
1735.03 
1791.25 
2615.02 
780.30 
SS/II 
526.71 
1375.14 
1735.03 
1791.25 
2615.02 
780.30 
BL/R 
319.46 
522.79 
933.32 
1339.69 
2049.31 
1586.76 
BL/C 
319.46 
522.79 
933.32 
1339.71 
2049.51 
1586.83 
ss/ I I 
319.46 
522.79 
933.32 
1339.67 
1586.83 
2112.78 
~~ -~ 
CPU time, 15 52 251 14 45 255 
m i  n 
BL/R = b lock  Lanczos procedure using r e a l  numbers 
BL/C = b lock  Lanczos procedure using complex numbers 
SS/II = combined Strum sequence and i n v e r s e  i t e r a t i o n  procedure 
Cent ra l  processing u n i t  t ime i s  f o r  10 modes and f requenc ies  
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Fig. I Spinning cantilever beam. 
t' 
. 
Fig. 2 Rectangular spinning cantilever plate. 
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